Together with the VMD dominant terms for η → π 0 γγ, we introduce the contribution of chiral loops from unitarized chiral perturbation theory, thus generating the a 0 (980) resonance and fixing the longstanding sign ambiguity on its contribution to this process. The same approach allows us to establish constraints in the decay from the γγ → π 0 η data. In particular, the ηV V couplings have to be reduced to agree with the experimental V → ηγ partial decay widths. We obtain for the η → π 0 γγ decay width 0.47 ± 0.10 eV, which is in remarkable agreement with the most recent experimental measurement.
Introduction
The η → π 0 γγ decay has attracted much theoretical attention, particularly in the last decade, since the attempts to obtain the measured experimental width [1, 2] within the formalism of chiral perturbation theory, χP T , have been rather problematic. The problem stems from the fact that the tree level amplitudes, both at O(p 2 ) and O(p 4 ), vanish and the first non-vanishing contribution comes at O(p 4 ), but either from loops involving kaons, which are largely suppressed due to the kaon masses, or from pion loops, again suppressed since they violate G parity and are thus proportional to m u − m d [4] . Thus, the first sizable contribution comes at O(p 6 ) and the coefficients involved are not precisely determined. One must recur to models: either Vector Meson Dominance (VMD) [3, 4, 5] , the Nambu-Jona-Lasinio model (NJL) [6] , or the extended Nambu-Jona-Lasinio model (ENJL) [7, 8] , have been used to determine these parameters. With the exception of models using quark box diagrams to evaluate the eta decay rate [9, 10] , which obtain rates comparable with most experiments [1] , those based in chiral perturbation theory produce systematically smaller rates, about a factor two smaller in average. Attempts to consider more mechanisms in the process have been made, like the inclusion of an axial vector meson exchange [11, 12] , but there are large uncertainties in the couplings. Furthermore, values of these couplings that produce sizable effects in the eta radiative decay lead to disagreement with experiment in the γγ → π 0 π 0 reaction [13] . A critical recent discussion on the work done on the topic, both from the theoretical and experimental point of view is done in [14] , where at the same time the authors present some new experimental results consisting in an upper bound, which is consistent with the earlier measurements.
The problem will have to be reconsidered if results from a recent experiment [15] , which give a decay width about half the previous one, are confirmed. In this work the authors refine the background subtraction, which was known to be rather problematic. Yet, from the theoretical point of view, some extra work is mandatory and we face this problem here. One of the sources of uncertainty quoted in [4] is due to the contribution of the a 0 (980) resonance, which is taken into account approximately and has large uncertainties, including the sign of its contribution. Another question is that no attempts have been done to relate the process to the crossed channel, the γγ → π 0 η reaction, although some consistency tests with γγ → π 0 π 0 have been carried out as quoted above. The reason is not surprising since there are no hopes within χP T to reach the region of the a 0 (980) resonance where there are measurements of the γγ → π 0 η cross section [16, 17] . The situation, however, has improved in recent years with the advent of unitarized extensions of χP T , by means of which the results of χP T can be extended to higher energies, and meson resonances up to 1.2 GeV are nicely described [18, 19, 20, 21, 22, 23] . In particular these ideas were used to describe the γγ → meson − meson reaction, with good results in all the channels up to energies of around 1.2 GeV [24] . Work in a similar direction for this latter reaction introducing nonperturbative techniques has also been done in [25, 26, 27] . For the problem of interest here we just quote that the peak around the a 0 (980) resonance in the γγ → π 0 η reaction was produced at the right place and with about the experimental strength [24] , using the same input as in meson meson scattering without introducing any extra parameters .
There is another point worth mentioning. On the one hand, as it has become clear from former theoretical studies, the chiral approach is useful and offers some guidelines in the η → π 0 γγ reaction, but the strict chiral counting is not much helpful since the O(p 6 ) terms are larger than those of order O(p 4 ). On the other hand it was also shown in [4] that the use of VMD to obtain the O(p 6 ) chiral coefficients by expanding the vector meson propagators lead to results about a factor of two smaller than the "all order" VMD term. Furthermore, recent studies on the vector meson decay into two pseudoscalar mesons and one photon [28, 29, 30] indicate that the combination of "all orders" vector meson contribution plus the unitary summation of the chiral loop functions leads to good agreement with data in a variety of reactions. These include those where the chiral loops are dominant, φ → π 0 π 0 γ [30] , the VMD mechanism is dominant, ω → π 0 π 0 γ [28, 29] , or both mechanisms have about the same strength and interfere constructively to give the right partial decay width, ρ → π 0 π 0 γ [28, 29] . Guided by the success of this approach in the radiative decays of vector mesons we shall follow the same approach for the double radiative decay of the eta.
VMD contribution
Following [4] we consider the VMD mechanism of Fig. 1 which can be easily derived from the VMD Lagrangians involving VVP and V γ couplings [33] 
where V µ and P are standard SU(3) matrices constructed with the nonet of vector mesons containing the ρ, and the nonet of pseudoscalar mesons containing the π, respectively. For instance for pseudoscalar mesons P =P +
and similarly for vector mesons [32] . We also assume the ordinary mixing for the φ, the ω, the η and η ′ : [33] and f = 93 MeV , with G V the coupling of ρ to ππ in the normalization of [32] . ¿From Eq. (1) one can obtain the radiative widths for V → P γ, which are given by
with k the photon momentum for the vector meson at rest and C i an SU(3) coefficient that we give in Table 1 for the different radiative decays, together with the theoretical (using G V = 69 MeV and f = 93 MeV ) and experimental [2] branching ratios 0.94% 1.24 ± 0.10% φπ 0 γ 0 --
(9.9 ± 0.9) × 10 −4 The agreement with the data is fair but the results can be improved if SU(3) breaking mechanisms are incorporated as done in [34] . For the purpose of improving on the VMD amplitude for the diagram of Fig. 1 using the universal SU(3) coupling, we can fine tune the couplings such that the ω → π 0 γ, ω → ηγ, ρ → π 0 γ and ρ → ηγ branching ratios agree with experiment. This is accomplished by multiplying the amplitude by normalization factors. We find that the diagram of Fig. 1 with an intermediate ρ has to be multiplied by 0.861 whereas the one with the ω by 0.604 to reproduce the center values of the experimental data of Table 1 .
Once the V P γ couplings have been fixed, we can use them in the VMD amplitude corresponding to the diagram of Fig. 1 , which is given by
where
, with P, k 1 , k 2 the momentum of the η and the two photons. We have parametrized the ρ width phenomenologically as:
whereas for the ω we have considered a constant Γ ω = 8.44 MeV. Nevertheless, our results are rather insensitive to these details. From the above amplitude, the η decay width is easily calculated, as well as the γγ invariant mass distribution, M I . In particular:
where we take for reference the momentum of the pion, p, in the z direction, and then
with ω the energy of the π 0 . In Fig. 2 we show the results of the mass distribution with and without the radiative widths normalization factors. The integrated width is given by Γ = 0.57 eV (universal couplings); Γ = 0.30±0.06 eV (normalized couplings), where the error has been calculated from a Montecarlo Gaussian sampling of the normalization parameters within the errors of the experimental branching ratios of Table 1 . We should mention that, had we used the data of the PDG 2000, the value obtained would have been 0.21 ± 0.05 eV. It is interesting to compare these results with those in [4] . There the only coupling adjusted to the experimental data was the one for the ω → π 0 γ decay and the underlying SU(3) symmetry generated the other ones. Hence, it is accidental that the choice of these couplings gave rise to a contribution in the "all orders" case of 0.31 eV [4] , very similar to the one we obtain here adjusting to the most recent data [2] and to more branching ratios.
Our VMD normalized result is within three standard deviations from the value presently given in [1] , [2] : Γ = 0.84 ± 0.18 eV, but within one sigma of the more recent one presented in [15] , Γ = 0.42 ± 0.14 eV. There are, however, other contributions that we consider next. 
Chiral loops
The contribution of the chiral loops to the present problem was calculated in [4, 6, 7, 8, 11, 13] and proceeds via the charged kaon loops, through [4] . Its contribution to the total decay rate is very small and we think that if such terms are included, other isospin violating terms proportional to m u − m d , and isospin violating corrections to our amplitudes should also be included. Rather than undertaking this delicate test, we use the results of [4] to estimate uncertainties from all these sources. The evaluation of the kaon loops requires the K + K − → γγ amplitude as well as the ηπ 0 → K + K − transition which is taken from the lowest order chiral Lagrangian. At this point we shall already introduce elements of unitarized ChPT to make a resummation of loop diagrams, which allows us to study the γγ → π 0 η reaction around the a 0 (980) region [24] . The γγ → π 0 η amplitude is given by
diagrammatically represented in Fig. 3 . The first three diagrams correspond tot χK t K + K − ,π 0 η of Eq. (9), already evaluated in [37, 38] . In our caset χK , written in a general gauge to be also used for the η → π 0 γγ reaction, is given bỹ
above the K + K − threshold, with the −iπ term removed below threshold. Note that the full t K + K − ,π 0 η transition matrix, not just the lowest order chiral amplitude, is factorized outside the loop integral. This on shell factorization was shown in [24] by proving that the off shell part of the meson-meson amplitude did not contribute to the integral.
The meson scattering amplitude was evaluated in [18] by summing the Bethe Salpeter (BS) equation with a kernel formed from the lowest order meson chiral Lagrangian amplitude and regularizing the loop function with a three momentum cut off. Subsequently, t matrix in the loops found for γγ → π 0 η was also justified for meson-meson scattering in [18] . Thus, the BS equation with coupled channels can be solved algebraically, leading to the following solution in matrix form
with s the invariant mass of the two mesons, t 2 the lowest order chiral amplitude and G(s) a diagonal matrix, diag(G KK , G ηπ ), accounting for the loop functions of two mesons, and which was regularized in [18] by means of a cut off, or dimensional regularization in [21] . Its analytic expression can be found in [20] .
In the case of η → π 0 γγ the series involved corresponds to the diagrams in Fig. 6 .
, where M I is nothing but the invariant mass of the two photons. The amplitude of the η → π 0 γγ reaction is then given by Eq. (9) simply substituting s by M 2 I . In Eq. (9) there is another term,t AK + K − t K + K − ,π 0 η , which corresponds to the last two diagrams of Fig. 3 where an axial vector is exchanged. For this term we follow [39] and, given the large mass of the axial vector, both the factorization of the on shell meson scattering amplitude outside the loop, as well as that of the γγ → K + K − amplitude are also justified [24] . Hence one has now
. First of all we show in Fig. 7 the result for the γγ → π 0 η cross section obtained up to here, which coincides with that obtained in [24] . We see in Fig. 7 the peak of the Figure 7: γγ → π 0 η cross section, using Eq. (9). Z is the maximum value of cos(θ) integrated. The experimental data come from [35, 36] , the latter one normalized in the a 2 (1320) peak region. The dashed histogram corresponds to the convolution over an experimental resolution of 40 MeV. a 0 (980). We show the results obtained by means of Eq. (9) for the cross section and also to ease the comparison with experimental data we show the events concentrated in bins of 40 MeV, roughly like the experimental ones. The contribution of the a 2 (1320) resonance (second peak) is included here as in ref. [24] . The agreement with experiment is fair but some discrepancies can be noticed in the low energy region. The generation of the peak in the γγ → π 0 η cross section in our approach is guaranteed by the resummation of diagrams in Fig.5 , since the resummed t K + K − →π 0 η amplitude contains the pole of the a 0 (980) resonance with the properties well described by [18] . Now let us see how this cross section is changed if one includes the VMD tree level amplitude calculated in section I, substituting the outgoing π 0 by an incoming pion in Fig 1 . We can see in Fig.8 that the results obtained adding the VMD amplitude normalized to the ω, ρ radiative decay rates are acceptable around the peak of the a 0 (980) resonance. Let us also note that the inclusion of these terms improves the description of the low energy region The binning of the theoretical results would make again the apparent agreement with data to look much better, but for the sake of clarity we have not added more lines to the figure, as long as the binning effect has already been illustrated in Fig. 7 . Since this region is dominated by the a 0 (980) resonance the effect of renormalizing the couplings of the vector meson radiative decays is not as drastic as seen in Fig. 2 for the η decay, where only the VMD mechanisms was considered. One may wonder whether one should also add loops to the VMD tree level amplitude. In fact some of the uncertainties estimated in [4] were linked to those loops. We are in a position to do so now.
One can estimate that the loops from the VMD terms must be quite smaller than those of the kaon loops studied so far by comparing the strength of the K + K − γγ contact term with the VMD amplitude. The size of the latter is about 2% that of the former. Yet, since now we would have ηπ 0 loops instead of K + K − which have larger mass, the strength of the loops from the VMD amplitude will be bigger than 2%. Once again we can sum the series obtained by iterating the loops in the four meson vertex as shown in Fig. 9 .
The new amplitude which we shall call t V M DL will be given by:
where nowt
is the factor that multiplies the ǫ 1 ǫ 2 product in the s-wave projection of the t
V M D ηπ
amplitude in the γγ → π 0 η CM. Although the Lorentz structure of polarization vector products may seem rather complicated from Eq. (5), it is easy to show that after the s-wave projection the polarization vectors factorize indeed as ǫ 1 ǫ 2 . In a general frame the ǫ 1 ǫ 2 factor has to be replaced by
. Once again we have factorized the amplitudes for the same reasons as done with the other terms.
Of course, when introducing the ηπ 0 loop corrections, we also have to include those involving
in the loop function with a K * + or a K * 0 exchanged between the photons (see Fig.9 .b). These would be given by Finally, there is another kind of loop contribution considered in [4] which involves two anomalous γ → 3M vertices. This leads to the two loop functions arising from the diagrams in Fig.10 . They are of O(p 8 ) and are evaluated in [4] were it was found that they can have a non negligible effect on the η decay, of the order of the other kaon loops actually discussed. Yet, the crossed character of the loop in the γγ → ηπ 0 reaction makes its contribution completely negligible in the region of the a 0 (980) resonance, where loops in the s-channel have a large strength, enough to generate that resonance dynamically. Here we take the results from [4] where it is found that their largest contribution comes from the kaon loops, whereas pionic loops are negligible. We use eqs. (12), (13) and (27) of that reference and note that there is a global change of sign with respect to our notation. The further rescattering of the mesons in the diagrams of Fig. 10 , given the structure of the γMMM vertex [4] in the momenta of the particles, would be suppressed by factors of p 2 γ / q 2 (with q the loop variable) with respect to those considered for the VMD mechanism. This and the fact that these anomalous mechanisms provide a small contribution with respect to the one of the VMD mechanism, makes the consideration of this extra rescattering loops superfluous.
With all these new ingredients we look again at the γγ → π 0 η cross section and find that the extra mechanisms beyond those considered in Fig. 8 From bottom to top, short dashed line: only chiral loops; long dashed line: only VMD tree level terms; dashed-dotted line: coherent sum of the two latter mechanisms; double dashed-dotted line: idem but adding loop diagrams for VMD terms of Fig. 9 ; continuous line: idem but adding also the anomalous terms of Fig. 10 , which is the full model presented in this work. (we are also showing as a dotted line, the full model but substituting the full t K + K − ,ηπ 0 scattering matrix by its lowest order O(p 2 )).
Back to the η decay, in Fig. 11 we plot the different contributions to dΓ/dM I . We can see that the largest contribution is that of the VMD mechanism (long dashed line). The chiral loops by themselves (short dashed line) give a small contribution (0.011 eV), but when added coherently to the VMD mechanism, they lead to an increase of 30 % in the η decay rate (dashed-dotted line). More interesting, the shape of the γγ invariant mass distribution is appreciably changed with respect to the one of the VMD mechanism alone, with the strength moving to higher invariant masses. The consideration of meson rescattering of the VMD leads, upon coherent sum with the other mechanisms, to a moderate increase of the η decay rate (double dashed dotted line), smaller in size of that of the chiral loops considered before. The last ingredient considered is the contribution of the anomalous mechanisms of Fig. 10 which lead again to a moderate increase of the η decay rate (continuous line), also smaller than that of the chiral loops. The different shape of the anomalous mechanism compared to the chiral loops has as a consequence the interference with the VMD mechanism in the whole range of invariant masses.
Altogether, when integrating over the invariant mass, we get:
Γ(η → π 0 γγ) = 0.47 ± 0.08 eV (15) and we see that the inclusion of the loops has increased the contributions of the renormalized VMD term alone by 50%. For the moment, the theoretical error is obtained only from the experimental errors in the vector meson radiative decay branching ratios in Table 1 . For comparison, we quote here what we would obtain using the universal coupling in the VMD terms: 0.80 eV.
We come now to estimate the uncertainties considered in [4] . One of the sources was the contribution of the a 0 (980) and a 2 (1320) resonances. In our approach the a 0 (980) is generated dynamically from the multiple scattering of the mesons implied in the BetheSalpeter equation, showing up indeed in the γγ → π 0 η amplitude around 1 GeV. In the η decay the a 0 contribution appears through the loop terms in Fig.6 (also in the smaller contributions in Fig.9 ). This can be seen explicitly in Eq. (9), where the transition matrix t K + K − ,ηπ 0 , which contains the a 0 (980) pole, appears explicitly. Since the a 0 (980) is generated by multiple scattering (iterated loops in the BS equation), we can remove it simply by substituting the full t K + K − ,ηπ 0 scattering matrix by its lowest order O(p 2 ). In such case we simply reproduce the standard ChPT results. The difference between using the full t matrix and its lowest order can be seen in Fig.11 (difference between continuous and dotted lines). The contribution of the a 0 (980) resonance tail is rather small and increases the η decay rate from 0.47eV to 0.48 eV. The sign of its contribution is unambiguously determined. Here we can see an improvement with respect to ref. [4] where this contribution was included as a source of theoretical error contributing mostly to the ±0.2 eV accepted uncertainties in that work. Thus, the present calculation removes completely this source of error. The explicit calculation of the a 0 (980) contribution giving such a small effect justifies the neglect of the a 2 (1320) resonance contribution which lies much further away in energy than the a 0 (980).
The other source of uncertainty in [4] was the contribution of the loops from the VMD term. We have been able to calculate them in this work and, as seen in Fig.11 , these effects are also rather small. They increase the η decay rate in 0.02 eV. Altogether the a 0 (980) plus rescattering terms in the VMD mechanisms increase the η decay rate in 0.03 eV. We thus eliminate these two sources of previous uncertainties in the calculations while, at the same time, we realize that the uncertainties of 0.2 eV attributed to these sources in [4] were indeed a generous upper bound.
The consistency of the input for this process with that of γγ → π 0 π 0 was studied in [11, 7, 13, 8, 6, 12] . We performed such a test in [24] and found good results for the γγ → π 0 π 0 cross section up to 1.4 GeV, much beyond where ChPT can be applied. We should also mention that the VMD terms with ρ and ω in the intermediate states were explicitly considered in [24] , hence our present approach is definitely consistent with γγ → π 0 π 0 . We have not considered in our approach the contribution of the axial resonances discussed in [11] in the VMD terms. According to [11] that would increase the decay width by about 0.07 eV. However, as shown in [11, 13] , their inclusion in γγ → π 0 π 0 with the couplings used in [11] would overestimate the γγ → π 0 π 0 cross section. We will nevertheless accept a theoretical uncertainty from this source of the order of 0.05 eV which, in view of the discrepancies mentioned in the γγ → π 0 π 0 reaction, should still be a generous upper bound. On the other hand, as commented above, we also accept as uncertainties due to isospin violation the contribution found in [4] for pionic loops of the type of Fig. 3 which, from the results obtained there, can be seen to give a contribution of 0.05 eV to the total η decay rate. Taking into account the uncertainties in Eq. 15 from the experimental errors in the vector meson radiative decay branching ratios plus these two other sources of uncertainty and summing them in quadrature we obtain a final result of Γ(η → π 0 γγ) = 0.47 ± 0.10 eV
Altogether we still have reduced the uncertainty from previous calculations, in spite that we have considered the uncertainties coming from the experimental errors of the vector meson radiative decays, which were neglected in the former works, and we proved here to be the largest source of uncertainty in our case.
The result of Eq. (16) is in remarkable agreement with the latest experimental numbers [15] , and lie within two sigmas from the earlier ones in [1, 2] . Confirmation of those preliminary results would therefore be important to test the consistency of this new approach. Furthermore the γγ invariant mass distributions would be of much help given the differences found with and without loop contributions.
Conclusions
We have reanalyzed the η → π 0 γγ decay to the light of the work done in the framework of Chiral Perturbation Theory (ChPT) and included the elements found relevant there: the VMD term plus the loop contributions. We have introduced two new elements in the study: First we have connected the problem of η → π 0 γγ decay with the related problem of γγ → ηπ 0 which could be addressed thank to the use of techniques of unitarized ChPT. These techniques were essential to reproduce the a 0 (980) excitation clearly visible in the γγ → ηπ 0 cross section. The analytical continuation of this amplitude to the low energies involved in the η → π 0 γγ decay allowed us to quantify unambiguously the contribution of the tail of the a 0 (980) resonance to this process, eliminating a former source of uncertainty.
Another novelty in the present work is the realization that the VMD amplitude with a universal SU(3) coupling for the VVP vertices was not consistent with the experimental radiative decays of the ρ and ω, and in particular in the ρ → ηγ and ω → ηγ decays. We renormalized these couplings to get the experimental branching ratios and this resulted in a reduction of the standard VMD contribution to the η → π 0 γγ decay. We have also introduced new chiral loop terms accounting for meson rescattering through the Bethe-Salpeter equation stemming from VMD mechanisms, which was also a source of uncertainty in former works.
Furthermore, we have done an error analysis of our results considering the experimental errors in the vector meson radiative decay widths not considered in the past and which turns out to be the largest source of uncertainty in our study. Simultaneously we also considered uncertainties from other mechanisms like isospin breaking and exchange of axial resonances in the VMD coupling directly to πη which we have neglected here but which, with some uncertainties, had been shown to be quite small in former works.
Altogether we have found a result of Γ(η → π 0 γγ) = 0.47 ± 0.10 eV .
The agreement of this result with the new preliminary data from [15] is remarkable, but the test of the invariant mass distribution would be more stringent. Confirmation of the preliminary results of [15] and the measurement of the γγ invariant mass distribution should then be the experimental priorities to clarify the situation.
